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Abstract
Given any infinite set B of positive integers b1 < b2 < · · · , let τ (B) denote the exponent of convergence
of the series
∑∞
n=1 b−sn . Let E(B) be the set {x ∈ [0,1]: an(x) ∈ B (n 1) and an(x) → ∞ as n → ∞}.
Hirst [K.E. Hirst, Continued fractions with sequences of partial quotients, Proc. Amer. Math. Soc. 38
(1973) 221–227] proved the inequality dimH E(B)  τ(B)2 and conjectured (see Hirst [K.E. Hirst, Con-
tinued fractions with sequences of partial quotients, Proc. Amer. Math. Soc. 38 (1973), p. 225] and Cusick
[T.W. Cusick, Hausdorff dimension of sets of continued fractions, Quart. J. Math. Oxford Ser. (2) 41 (1990),
p. 278]) that equality holds in general. In [Bao-Wei Wang, Jun Wu, A problem of Hirst on continued frac-
tions with sequences of partial quotients, Bull. London Math. Soc., in press], we gave a positive answer to
this conjecture. In this note, we further show that the result in [Bao-Wei Wang, Jun Wu, A problem of Hirst
on continued fractions with sequences of partial quotients, Bull. London Math. Soc., in press] is sharp.
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Given a real number x ∈ [0,1], let
x = 1
a1(x) + 1
a2(x) + 1
a3(x) + · · ·
= [a1(x), a2(x), a3(x), . . .], (1)
be its simple continued fraction expansion, where an(x) ∈N for all n 1.
Given a set A of real numbers, we use dimH A to denote the fractional or Hausdorff dimension
of A.
In [2], Good investigated the fractional dimension of sets of continued fractions whose partial
quotients {an(x): n 1} obey various conditions, including the cases when an(x) becomes large.
Good proved that the set dimH{x ∈ [0,1]: an(x) → ∞ as n → ∞} = 12 and that dimH{x ∈
[0,1]: an(x)  f (n) for any n  1} = 12 , where f is any function defined on N which tends
to infinity with n, and which satisfies f (n) < (logn)T for some T > 0. Functions f which
increase more rapidly than logarithmic growth have been considered by Hirst [3], Moorthy [6]
and Lúczak [5]. In particular, Lúczak [5] proved that for any a > 1, b > 1,
dimH
{
x ∈ [0,1]: an(x) abn for any n 1
}
= dimH
{
x ∈ [0,1]: an(x) abn for infinitely many n
}= 1
1 + b . (2)
Combining this with the results of Good implies
dimH
{
x ∈ [0,1]: an(x) f (n) for any n 1
}= 1
2
, (3)
where f is any function which tends to infinity with n and not more rapidly than exponential
growth rate.
In [4], Hirst considered the cases when an(x) is further restricted to belong to some sequence
of natural numbers, see also [1] by Cusick. More precisely, let B be an infinite sequence of posi-
tive integers b1 < b2 < · · · and τ(B) denote the exponent of convergence of the series ∑∞n=1 1bn ,
i.e.
τ(B) = inf
{
s  0:
∞∑
n=1
1
bsn
< ∞
}
.
Let
E(B) = {x ∈ [0,1): an(x) ∈ B (n 1) and an(x) → ∞ as n → ∞}.
Hirst [4] showed that dimH E(B)  τ(B)2 , and conjectured dimH E(B) = τ(B)2 . In [1], Cusick
proved Hirst’s conjecture under some density assumption on B , he showed that if there exist
constants c, q and r depending only on B such that r < τq and, for all real p  q , the sequence B
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we gave a positive answer to Hirst’s conjecture without any assumption on B , that is
Theorem 1.1. dimH E(B) = τ(B)2 for any B ⊂N.
In [4], Hirst also considered the sets
E(B,f ) = {x ∈ [0,1): an(x) ∈ B, an(x) f (n) for any n 1},
where f is any function defined on N and tends to infinity. Hirst conjectured the formula
dimH E(B,f ) = τ(B)2 , independently of f , and proved this in the case when B = N and the
growth of f (n) is bounded by any function exp(exp(cn)), c > 0. But it is clear that Lúczak’s
result (2) disproved this conjecture even if B = N. In fact, Cusick [1] also showed that the
conjecture must fail to be true for f with growth higher than doubly exponential growth.
Thus, it is natural to ask if this conjecture holds when f (n) tends to infinity not so fast, e.g.
f (n) = logn,n2, an for some a > 1. In this note, we show that for any f tends to infinity as
n → ∞, there exists B such that the formula dimH E(B,f ) = τ(B)2 fails. More precisely, we
have
Theorem 1.2. For any function f defined on N such that f (n) tends to infinity as n → ∞, there
exists B ⊂N such that
τ(B) = 1, but dimH E(B,f ) = 0.
Theorem 1.2 also shows that the result in Theorem 1.1 is sharp.
2. Proof of Theorem 1.2
In this section, we shall give the proof of Theorem 1.2.
Proof of Theorem 1.2. Let f be any function defined on N such that f (n) → ∞ as n → ∞.
Now we construct two sequences {nk, k  1} ⊂ N, {mk, k  1} ⊂ N by induction. Let n1 = 4,
m1 = min{n ∈ N: f (n) > 2n1 − 1}. Assume that n1, n2, . . . , nk , m1,m2, . . . ,mk have been de-
fined well, choose nk+1 such that nk+1 > 2nk − 1 and nk+1  2kmk , and define
mk+1 = min
{
n ∈N: f (n) > 2nk+1 − 1
}
.
Let B = {n1, n1 + 1, . . . ,2n1 − 1, n2, n2 + 1, . . . ,2n2 − 1, . . . , nk, nk + 1, . . . ,2nk − 1, . . .}.
For such B , we have
∑
b∈B
1
b

∞∑
k=1
nk
2nk − 1 = ∞,
thus τ(B) = 1.
Now we show that for such B , E(B,f ) is of Hausdorff dimension 0.
For any x ∈ E(B,f ) and any l  1, by the construction of {nk, k  1}, {mk, k  1} and B ,
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any M > 1,
E(B,f ) ⊂ {x ∈ [0,1]: an(x) 2Mn for infinitely many n}.
By (2), dimH E(B,f ) 1M+1 . Since M > 1 is arbitrary, we have
dimH E(B,f ) = 0. 
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